Piece-wise Defined Distributions: Discrete Mixtures

Finite (Discrete) Mixtures
Following [Bean], we define a Finite (Discrete) Mixture as arandom variable whose
(cumulative probability) distribution function is a finite weighted average of finitely
many distribution functions of other random variables:
CDF (x) = w,CDF, (x) + w,CDF;_(x) +--- + w,CDF, (x)
That is,
Pr(X £x) =w, Pr(X, £x) +w, Pr(X, £x) +--- +w, Pr(X £ x)
where, as aways, the weights, w;, w,, . ., w, are positive numbers that sum to 1.

One example of afinite mixture isamixed random variable (previously defined) whose
(cumulative probability) distribution function is a weighted average of two cdf’s, one
discrete (providing jump discontinuities) and one continuous (providing the smooth,
increasing segments).

While you are unlikely to have studied mixed random variables in an introductory
statistics course, they are extremely important in even simple insurance applications.
In this short paper we will ook at a number of insurance examples that lead naturally
to mixed random variables. The source of most of this material is[Bean]. Bean gives
avery clear account of the subject.

Deductibles (A Threshold or Floor for Claims)
It is common for health and accident insurance to have a threshold amount, called a
deductible, which the insured must pay out-of-pocket before insurance starts to pay.

Example 1: A home-owners insurance policy with a $500 deductible will pay the
amount of damages for any adverse event less $500 if the total loss exceeds $500. |f
thelossis less than $500 the policy pays nothing. Suppose the total loss for atypical
adverse event has an exponential distribution with mean $300.

In analyzing this situation, it is important to distinguish between two related random
variables: X, the amount of lossand Y, the amount of the claim paid for thisloss. We
see easily that

0 if x£ 500

= max{0, X — 500
X- 500 ifx>500 ~med )

N
Y_i
~

We can derive the distribution function of Y from the known distribution of X using
the distribution function technique:
—

CDF, (y) =Pr(Y £y) =Pr(mad0 , X- 500} £y) ©°°
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Thisis amixed distribution with weightsw, = Pr(X £500) =1 -3 =1 _¢¥
andw, = Pr(X >500) = 1 —w, = e>3%0 = g%,

The discrete component, Yl, takes the value 0 with probability 1 (providing
i0 y<oO
the jump); itscdf is CDF, (y) = 1 1 §3 oV distinguishes between |osses
|
that will result in aclaim being paid and those that do not.

The continuous component, Y ,, isequal to X — 500 for valuesy greater than 0
(corresponding to values x greater than 500); the portion of its cdf on positive
values of y isthe conditional cdf of X —500 given X > 500.

COF, (y)= 1" y<9
)= iprx- 500£y [x>500) y?0

i0 y<0
“Ipr(x£500+y|x>500) y20 -

y<o0
ys 0

;0
— t e -500/300 e (500+y)/300

1 e—500/300

The weighted average of these two cdf’ sis the cdf of the claim amount:

CDF, (y) = w,CDF (y) +w,CDF,, (y)
— (1 _ e_SOOISOyCDFYl (y) +e 500/300 CDFYZ (y)

_‘l_(l- e-500/3oo)>0+e-500/3oo>0 y <0
_J . 500/300 _ (500 +y)/300Qx
=1 500/30 _500/300 OF - € o)
ill- e X+e + y30
{( y % @~500/300 & y
i0 y<O0

Ii(l e5°°’3°3+(e'5°°’3°° ) e-(500+y)/30() y3 0

_iO y<O0
,\1 e(500+y)/300 y3 O

Thiswas our original description of the cdf of the claim amount Y.

The next example illustrates methods for calculating probabilities and expected
values for insurance policies with deductibles.



Example 2: Let X bethelossincurred and Y, the amount of the claim paid for this
home-owner’ s insurance policy with a $500 deductible where the loss per year, X,
has an exponential distribution with mean 300. Determine

a) the probability that the claim exceeds $1000

b) the 95" percentile of the claim amounts.

c) the expected claim amount.

Since we have asimple expression for the cdf of Y from the previous example, it
would be most efficient to use the cdf to calculate probabilities:

8) Pr(Y >1000)=1- CDF,(1000) =1- (1- g (10050 ) = gr1500/50% &2, 0 04g79

b) The 95" percentile of the claim amountsis the solution, y, of the equation
CDF, (y) =0.95; graphically, it is the value on the horizontal axis, in this case
the y-axis representing claim amount, that is mapped to 0.95.

y
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In finding percentiles for a non-continuous distribution, we must determine if
given percentage (in this case 0.95) on the vertical axisis avalue attained by
the cdf, or if it falls within the span of one of the vertical jumps. In this case,
the graph jumps from height 0 up to height e ¥ » 0.811, and is continuous
above thislevel. Consequently, the 95™ percentile is the solution of the
equation 0.95 = CDF, (y) (shown above). Solving:

0.95=CDF, (y) =1- e®®"™® « g®)%0 =g 05

« y=-500In(0.05)- 500 » 997.87
The 95" percentile is $997.87. Note that this is consistent with the answer in
part & Pr(Y > 1000) is dlightly less than 0.05, Pr(Y £ 1000) is dlightly greater
than 0.95, so we should expect the 95™ percentile to be slightly less than
$1000.

If 0.95 had fallen in the vertical gap created by the jump, the 95™ percentile
would be 0.

We need the pmf (probability mass function) and pdf (probability density function) of
the component variables, Y, and Y, to calculate the expected value of Y. these
functions can be derived from the cdf’ sfound in Example 1.
Thepmiof v,is ply) =1+ Y72
e of Y,is =i
P 115 Py 10 dsewhere



’

@ (500+y)/300 'I 1 o 10 y>0
-500/300 1

e y>0 1300
1 0 elsewhere 1 0 elsewhere

Thepmfof Y, is f(y) =

———

Consequently,
¥ ¥
E(Y) =w.q yp(y)+w, Ovf (y)dy = w(0>0) + Wz(‘)/?)—éoe‘ YRy = w,(0) + w, X300
y -¥ 0
= w, >300 = 300 *** » $56.66

Notice that we are taking a weighted average of the expected values of the component
variables. The justification is not completely obvious since the random variable Y is
not itself aweighted average of the components Y ; and Y ,; a complete justification
will be given later.

Example 3 Answer the questions from Examples 1 and 2 for a home-owners policy
whose total loss for any adverse event is normally distributed with mean $400 and
standard deviation $100.

Let X bethe amount of thelossand Y the amount of the claim paid for this accident.
Then, asin Example 1,
~ 1 0 if X£500 ~
v =1~ n = max{0, X —500}
1X- 500 ifx>500
The distribution function of V is
CDF, (§) = Pr(¥ £9) = Pr(max{0.X - 500} £ §)

1
~ /_—
_-‘[O y<O0 0. 81
" iPr(X £500+§) §2 0 0.6
0.4
i0 y<o0 0.2
_I|500+§/ 1 ( )2
=1 (- 400)2/20000 <3 - - - - - -
0] e dx ¥3500 .i00 -so 50 100 150 200
1Y 100/2p
.;10 y <0 .;10 <0 .;10
=1 g0ty 4006 g, =ipBRHY gag FIpH, YO
e 100 12} } e 100 9 { € 1009

z

where F (z) = (‘)% e "t isthe cdf of astandard normal random variable.
“v2p

Note that since the total loss cannot be negative, it cannot truly be normally distributed;
as with many purportedly normal random variable, we should interpret the claim of
normality as an acceptably accurate approximation to the true distribution. Note that in



thisexample Pr(X < 0) = F (- 4) isvery close to 0 as we would expect if the normal
approximation approximation is reasonabl e.

One feature that disti nguish%s this example from the Example 2 is that thereisno

elementary closed form for F ; its values will typically be have to be determined from a
standard normal probability table rather than by direct analytic calculation.

Y has amixed distribution with weights
w, = Pr(X £500) = F(1) » 0.8413 and
w, = Pr(X >500) = 1-w, = 0.1587:
The distribution function of Y is CDF, () = w,CDF; (V) +w,CDF, (¥) where
~ j0 y<oO
The cdf of the discrete component, ¥,, is CDF, (§) = i ="
EA S IVEN()
The cdf of the continuous component, \?2 ,is0for values y lessthan O, and is
equal to the conditional cdf of X - 500 given X > 500 for on positive values

of y.
i0 y<O0
CDF, ()= Lpr{% - 500£ y{X >500) y20
i0 y<O0
TE® Y0 g
i 1009 3 0
f 1 F@

The weighted average of these functionsis

1F(1)>0+(1- F(1)>0 y <0

_1 y 6

CDF, (y) = | 2+LO- R
Y2 : 1009 3

_IT_F(l)><1+ (1- F(2) =) y30
}0 ) y<O0

SIEHL L0 ys
} e 100@

Thisisthe expression we derived earlier without considering the components
separately .



We can use the cdf of V to calculate probabilities and percrentiles:
a) Pr(Y >1000)=1- CDF,(1000) =1- F&+=—= 1%%03 1- F11)» 1
b) The 95" percentile of the claim amountsis the solution, y, of the equation
CDF, (y) =0.95.

Solving analytically:
095=F 3+ L5

1002 os|
- 0.4
« 1+_y » 1.645 0.2
100 v
« =645 100 -50 50 100 150 200

Thus, 95" percentile is approximately $64.50.

Contrast these answers with those in Example 2 where more than 5% of the claims
are expected to exceed $1000. Although the exponential distribution of lossesin
Example 2 has a smaller mean than the normal distribution in Example 3, it hasa
larger standard deviation ($300 versus $100), and it is skewed toward large |osses.

The more compact normal distribution of damages also produces a smaller expected
claim amount than the exponential distribution:

E(7) 2w ) + v O

é YA u
g F g FO
=F@(0x)+(1- F(1))(y— & Udy
(000 + (- RO 80—
& o
=O+l_ |:(:|.)¥\~ 1 e-§3+1z0%2/2 1 df/:¥‘~ 1 -()7+100)2/(2>1002)d~
1- F(1)9’ 2p “100 00/100\/2_p
= i‘)(t 100) —=—¢ /)
o 100v/2p
_ t /(2400 2/(25100 )
ot 0100 d
o 1ooJ_ o 100\/_
—1000 e “du- 100(‘)i e gy = 20 gz (table value)
1,2\/_ V/2p J2p

»24.20 - 15.87 =8.33

We can generalize the above examples to develop a method for problemsinvolving
insurance with a deductible. Suppose the deductible amount for the insurance isd,



and the distribution of loss amounts per insured event, X, has continuous distribution
function cdf, (x) = F(x) and pdf f(X). The claim amount per accident is

i 0 if x£98

Y = .
TIX-98 ifx>0

=max{0, X —d}

Itscdf is

Thisfunction is aweighted average of the cdf of adiscrete random variable Y,

|0 y<0

CDFYl (y) i 1 y 3 O

and the cdf of a continuous random variable Y,

i0 y<O0
i "
'\‘ Of (t)ct
CDFYz(y):IPr(Y £y| y>0) F(y+8)- F(S): 3 y3: 0
! 1- F@) s
! Of (t)dt
1 5
The weights are
=Pr(Y =0)=Pr(X£38) =F(5)
and
= Pr(Y >0) =Pr(X>3)=1- F3).
il y=0
The discrete component has pmf (probability mass function) p( ) (g Y10’ and
i

the continuous component has pdf I f(y+ 8) for y > 0. Claim probabilities

_1
- F(3)

can be calculated by taking the weighted average of probabilities calculated either

from the cdf’ s or from the mixed pmf and pdf. The expected claim amount is

() =8 () + . O ()ly = (020 + gy 5 v+ )y

“F@)

= F(5)40) + o ng’g Sy (v +8)dy = O+dx )t (x)dx




Caps (A Celling for Claims)
Many insurance policies place a ceiling on claims paid. For simplicity, consider an
insurance policy that pays 100% of the loss incurred up to cap, C, and then pays no
more. Let X be the amount of alossto an insured, and Y the amount of the claim

iX XEC
paid. According to our assumptions, Y = | C x>C . Suppose the loss amount has a
[

continuous probability distribution with cdf F(x) and pdf f(x). Using reasoning similar
to that for insurance with a deductible, we see that

o, (y) = | F(y) y<C

P 1 oysc

The graph coincides with the graph of F until y = C where it jumps up to height 1 (the
claim amount is certain to be C or less. The cdf is aweighted average of the discrete
distribution with probability 1 at y = C, and the continuous distribution with pdf

%C) f(y) for y £ C and 0 elsewhere. (Since f has been truncated above C, the

C

remaining portion integratesto ()f(y)dy = F(C). It is necessary to divide by F(C) to

-¥
force the pdf to integrate to 1.) The discrete component of the distribution has weight
Pr(X 3 C)=1- F(C), and the continuous component has weight F(C).

Example 4: A dental insurance policy with a $250 deductible will pay 80% of the
annual cost of dental care after the first $250 up to a maximum payment of $2000.
Suppose the total annual cost has an exponentia distribution with mean $200.
Determine structure of the random variable representing the amount of arandom
claim amount.

Let X bethe annual cost of dental careand Y the total claim paid for arandomly
selected insured. By assumption X has an exponential distribution with mean 200,

10 0.8(x- 250) <0
and Y = {0.8(X - 250) O£0.8(x- 250) <2000 = min{L,max{ 0,0.8(X - 250)}} . The
12000 2000 £ 0.8(x - 250)
cdf of Y is
|0 y<0
CDF, (y) = Pr(Y £y) = [Pr(0.8X - 250) £}) O£y <2000
11 2000 £y
i0 y<0
I
=i Pr§<£—y+25o 0£y <2000
i'l 2000 £ y



i0 y <0

ia i0 y<O0
! &y+250 el
[ . 1 /200 f o y+25OE/200

= dx O0£y<2000 =jl-e 0£y<2000
i 9 2007 .

This function has two jump discontinuities: ajump of height 1- €2°%/2°% 0.7135 at
OOO+250°/2oo o)

y = 0and ajump of height CDF, (2000) - y®I|25510> CDF, ( 81 e =

= ¢ #™2% 5, 0.0000011 at y = 2000, The discrete component of the distribution must
provide two jumps with the same relative heights, but the total of the two jumps must
be 1. Since the total of the jumps aboveis 1- 2°%'2%% g 2> \we can construct the
appropriate discrete distribution by dividing each jump height by the total of the
jumps. These new jump heights will then sum to 1, as required for adiscrete
probability distribution. The discrete component therefore has the following cdf and
pmf:

i 0 y<O0
l 1 e—250/200

CDFYl(y) :|1_ 6250/209_ -2750/200 O£y < 2000
; 1 y3 2000

-250/200
1l-e

i
:1_ 2501209 o 27501200 y=0
] o 27501200

PMF, (¥) = Y) = | T zeorzon, gzomw ¥ = 2000
|I 0 elsewhere
i

The weight of the discrete component is w, =1- e 2°%?°% ?7°%?* thetotal of all of
the jJump heightsin Y’ s distribution.

The continuous component of this mixed random variable is the random variable Y,
with the following cdf and pdf:

|0 y<O0
CDF, (y) = |Pr§§<£—y+250 0£y<2000— 0£y< 2000
11 2000 £ y



i0 yEO
CDF, () = .'Pr§%<£_y+250 250 <x < 27502 0.<y <2000
|

1 2000 £ y
10 y£0
II éwzso .
P =€ X1200 o
|5 200
=120 0<y <2000
T 0 1 @ X/200 gy
I s 200
1 2000 £ y
10 yE£O
II @ 250/200_ 'QEO—EV%O;’/ZOO
=1 @ 2501200 -2750/200 0<y< 2000
|I 1 2000 £y
[
10 y<0
_ i 1 1 cg'i y+250§/200
PDF, (y) = f(y) _'II 2501200 - 2750200 (3 85000 o8 0 £ y < 2000
it 2000 £ y
i0 y <0
f 1 1 & y+250200
=i @ 250/200 5°2750/200" 150 08 0£y<2000
i 2000 £ y

The weight of the continuous component is w, = 1- w, =e *°*?°% ¢27°%?° thetotal
vertical distance spanned by the increasing portions of the graph of CDF, (y).

Let’s generalize these results to any insurance product where the insured’ slossis a
continuous random variable, X, with cdf F(x) and pdf f(x) and where the insurance
will pay the claim, Y, equal to the proportion r of the excess of 1osses above the
deductibled uptoacap of C. That is,

i0 r(x-8) <
Y:'.r(x 8) 0£r(x-8)<C =min{L,maqo,r(x- 5)}}
fc CEr(x-3)
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Thecdf of Y is

10 y<0 10 y <0
L i )
CDFY(y):Pr(YEy):_{Pr(r(x-8)£y) 0£y<c:_.ngel:Ly+82j 0£y<C
11 CEy 11 CEy
The discrete component of the cdf of Y is
i 0 y<O
CDF, (y)=1P(X£3|X£50orYsC) 0£y<C
i 1 y* C
i 0 y <0
=}_Pr§< £8|X£60rx3 %C+6 2 0£y<C
jf 1 y:C
i
| 0 y<O0
=‘|' F(aa)eﬂ- 5 Ofy<C
|| F(3) + 1- FéFC+6g
§ 1 y* C
The corresponding probability mass function is
: Pr?(ES XEdorX >-1C+89 y=0
i r a
PMF, (y) = p(y)::}Prgag(3 —1C+8 X £80rx>}C+820 y=C
1 e r r-
'||' 0 elsewhere
i
|
i Pr(X£38) B i F©)
i 2 lo.0 0 1 a0
II Pr(X£3) +Prg >FC+6‘3 _II_F(5)+1- Fé—rC+8g
! 1o,56 ! 50
., Pr§<>rc+6ﬂ j 1 FeCdy
|| Pr(X£3) + Prg >-C+3, ,I!F(8)+1- Fe C+y
| 0 elsewhere 1 0
| i
! !
1 1



The weight of the discrete component in the cdf is w, = F(§) +1- Fgé—LC +62
r
1. 50
=Pr‘§“><£;(:+5ﬂ+ Pr(X£8).
The continuous component of the cdf of Y is
tpSelycsex<ic+s? ogy<c
CDR, (Y)=i & "~ r g
1 0 elsewhere
L8 ex <ty LFE 450 F(5)
. e r a L er a
:I, 1 5 Ofy<C :Ii = 5 0£y<C
_-,_-F>rg%£x<FC+8Izj iFa C+dy- F©)
1 0 esewhere 1} 0 elsewhere
The corresponding probability density functionis
! 1 By 4508 ogy<c
PDF, (y) =i Pr%d <XEZC+3
]
t 0 elsewhere
i = 16 ><f2%y+62><% 0£y<C
_.Il. é_rC+5g_ F(S)
3 0 elsewhere
The weight of the continuous component is w, = 1- w, = Fgéc +62- FG)
r

_ e
—Prg% <X£FC+66.

Heter ogeneous Classes

All of these discrete mixtures can be interpreted as mixtures of different classes of
insurance policies. The classes partition the collection of policiesinto non-
overlapping groups that behave differently in terms of the claims that they generate.
This enables us to sort the policies into homogeneous groups, simplifying calculation.

Example 5: Let’s generalize these results to any insurance product where the
insured’ s loss is a continuous random variable, X, with cdf F(x) and pdf f(x) and

12



where the insurance will pay the claim, Y, equal to the proportion r of the excess of
losses above the deductible d up to acap of C. There are three different policy classes
in this example:
- policies whose policy holders who experience losses that are less than the
deductible amount; these policy holders receive no payment back

policies whose policy holders experience losses in excess of the deductible
amount, but whose payments do not exceed the claim cap

policies whose policy holders experience |osses large enough to receive the
maximum payment.

The classes are defined by the claim payment amount, Y, but since probabilities are
determined from the known distribution of the lossincurred, X, conditionson Y
should be tranglated into conditions on X. In this example we sort into classes as
follows:

Y =0 correspondsto 0 < X £ d; the probability of falling into thisclassis
Pr(0< X £ d) = F(d) — F(0) = F(d)

Y =r(X — d) correspondsto0O<Y =r(X —d)E Cor § <X £—1C+8 ; the
r
- o . : 1 o)
probability of falling into this classis Prg% <XE-C+5_
r

_ ad o}
= F(3)- Fe, C+dg
Y = C correspondsto X > C; the probability of falling into thisclassis
1 O _ ad o)
Prex >2C48,=1- FEC+5y
It may be useful use a probability tree to visualize the situation:

Y=0; Pr(Y=0X£8)=1

F(8) = £3)
_ F?ly+82- F(3)
= 5 Y T 50<Y<C; Pr?EyiS<X£—C+6%: 8;1 -
3) - Fa C+0,=Pgd <X £°C+3 r Fé_rc+58_ F(@)

1 .
Y =C; Pr%:(i X>;C+8%:1

The three nodes of the three represent the three policy classes, Each brance is labeled
by the proportion of policiesin the class. The conditional probability distribution for

13



each calssisindicated to the right of the class node. (Recall that probabilities beyond
the first stage of a probability tree are conditioned on the path to that point)

The classes were clear in the initial description of the claim variable, Y, in
Example 4:

i0 r(x-8)<0
Y=ir(X-38) 0£r(x-8)<C
Yo CEr(x-3)

However, in Example 4, the cdf of Y was decomposed into two parts, the discrete and
continuous components. The two-jump discrete component was formed by combining
thejumpsaty = 0and y = C. It might help conceptually to consider the casesy =0
and y = C separately as we have done in the probability tree.

Example 6: In example 4 we analyzed the distribution of reimbursment, Y, for a
dental policy. Recall that the policy will pay 80% of the annual cost of dental care
after the first $250 up to a maximum payment of $2000. Determine the P(Y £ 1000),
the 95th percentile and the expected value of Y.

There are three types of policies: those where expenditures do not exceed the
deductible, those where ecpenditures are high enough to trigger the payment cap and
those in between. The associated sorting tree is shown below:

Y=0. Pr(Y=0 X£250)=1

-250/20

Pr(Y £ 250 < X £ 2750)

<Y <(C; &l 0
Y <C; e-%0_8y+2502./200

1 O _ .250/200 -27500120
Q< X£—2000+250"_=¢€ -e
0.8 9

-2750/200
- e

; 250/200_ 4-2750/200
e - e

O _ -2750/20
=e

. Pr(Y =0 X > 2750) =1

Calculating Probabilities: Recall that to calculate probabilities using a probability
tree, we must multiply probabilities along the relevant path. Remember when
calculating he probability of an event that crosses over two or more categoriesto
consider al cases.
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Pr(Y £1000) =Pr(Y = 0) +Pr(0 <Y £ 1000)

(Y= ) +Pr(0 <Y £2000) xPr(Y £10000 <Y £ 2000)
(X £ 250)>Pr(Y = 0X £ 250) + Pr(250 < X £ 2750)*Pr(X £ 1500250 < X £ 275
(

<
x £ 250) X £20) | o5 < x £ 2750) xoU220< XE 1500)
Pr(x £250) Pr(250 <X £ 2750)

=Pr(X £ 250) + Pr(250< X £ 1500)
=Pr(X £1500) =1- &% 5 0.99945

In general, for values of y greater than O but less than 2000,

Pr(Y £y) =Pr(Y <0)+ Pr(Y =0) +Pr(0< Y £ y)
Pr(Y =0)+Pr(0 <Y £2000) ¥Pr(Y £ j0 < Y £ 2000)

1 0
Pr(gi50<x E—5y+250
Pr(250 < X £ 2750)

Pr(X £250)
Pr(X £ 250)

= Pr(X £ 250) + Pr(250< X £ 2750)

= Pr(X £ 250) + Pr250 <X £%y+ 2502

y+250° /200

_Pr§< £—y+250— 1-e i

Note that we could have made this calculation easily from the definition of Y without
using the tree:

10 0.8(x- 250) £0 10 x £250
Y = 108X - 250) 0<0.8(x- 250)<2000 ={0.8(X- 250) 250 <X < 2750
12000 2000 £ 0.8(x - 250) {2000 2750£ x

so for values of y between 0 and 2000,

Pr(Y £y) =Pr(Y =0)+Pr(0 <Y £ y) = Pr(X £250) + Prg250 < X £éy+ 250%

el o}
gy 250;/200

- 1 0_1.
_Pr§< Egy+25d=1-e

Per centilesand Other Inver se Probabilities: Since .95 does not lie within a
vertical interval corresponding to ajump on the cdf of Y, we find the the 95"
percentile of Y can be found as follows:

%08y+250 1200 ; ;)_18 y+250°/200
95=Pr(Y£y)=1-e « e® * =005« y=-160I10.05)- 200 » 279.32
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Expected Value: The expected reimbursement (in dollars) is
L eFeel y +250o F(250)
E(Y) = Pr(Y =0)>0 + Pr(250 < X <2750) X Oy - €0.8

+Pr(y =2 X2
Pr(250 < X <2750) u“dy (¥ =2000) 2000

4

@ D @ D

2000

= 0+ o 2500 F(250)¢dy + Pr(Y =2000)%2000
Y SF €0, sy h"y )

e 2000
aEéooo ><Fae 2000) + 250O 0>4:ae 0) +250°2- FE= @l | sl + Pr(Y =2000) x2000
=g ( ) &0 8( 0) s 9 sos” @dy )

= 20005 &= (2000) + 250° - 0 FE= y+250%y + g'i F &= (2000) +250°2 2000
0.8 g Y'ens g 0.8 26
2000 B ge_y 4250 g/200 O 2000

= 2000- OF 08y+25031y 2000 - 0%1 e gy= ge

0

(gEl y+250°/200
0.8

y+250 EIZOO

=_0.8>200e s [ =160(¢ =2 - &27%92%) > 45,84

Discrete Mixturesand Mixed Distributions
In al of the examples considered thus far, a discrete mixture produced a mixed
(neither discrete nor continuous) distribution. Thisis because we were mixing a
discrete random variable and a continuous random variable. If we took a discrete
mixture of two random variables of the same type, the mixture would inherit that type
(discrete or continuous). Y ou can see this in insurance examples involving
heterogeneous classes whose loss or claim experience are al discrete or all
continuous.

Example 7: A supplimental medical policy pays $10,000 for the loss of alimb. The
insured population can be divided into three different risk classes: high risk, normal
risk and low risk. The company expecte about 10% of the high risk policy holders,
1% of the normal risk policy holders and 0.1% of the low risk policy holders to
collect on the policy. If there are 100 people in the high risk group, 500 in the normal
risk group and 400 in the low risk group, what is the expected claim per policy
holder?

Let X be the amount of arandomly selected claim. In order to analyze the

behavior of W, we break decompose the hetrogeneous goup of insureds into therr
homogenious risk classes.
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We can summarize this situation in atree:

500/1000

300/1000

Calculating probabilities: X must take one of two values: $0 or $10,000. The
probabilities can be determined by applying the law of total probability to a
decomposition into risk classes:

Claim: $10,000
0.100
High Risk Claim: $0
0.900
y Claim: $10,000
Normal Risk
\ Claim: $0
0.090
: 0.001 Claim: $10,000
Low Risk
0.009 Claim: $0

Pr(X =0) = Pr(X =0 CHigh) + Pr(X = 0C Normal) + Pr(X = 0C Low)
= Pr(High) *Pr(X =0|High) + Pr(Normal ) xPr(X = O|Normal)

+ Pr(Low) *Pr(X

Pr(X =10000) = Pr(X =10000 G High) + Pr(X = 10000 G Normal) + Pr(X = 10000 Low)
= Pr(High) xPr(X =10000[High)+Pr(Normal ) xPr(X =100000 =|Normal)

= 0|Low)
=0.2x0.9 + 0.5x0.99+0.3x0.999= 0.18+0.495 + 0.2997 = 0.9747

+ Pr(Low)*Pr(X =10000|Low)
=0.2x0.1+ 0.5>0.01+0.3x0.001 = 0.02+0.005 +0.0003= 0.0253=1- 0.9747

This gives us a probability table for the discrete mixture X:

X p(x) =Pr(X =x)
0 0.9747
10000 0.0253

Notice that this discrete mixture of discrete random variables, X g, Xyorma and X oy
produces a discrete random variable. The weights are, respectively w; = 0.2, w, = 0.5
and w; = 0.3, the relative proportions of the three risk classes.
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Expected Value: The expected (average) claim amount can be calculated directly
from the probability distribution that we determined above:

E(X) = $10000 x0.0253 + $0x0.9747 = $253.00
or we can follow the general rule for calculating the expected value of a discrete
mixture (see page 4) by taking the weighted average of the expected values of X,
XNormaI and XL:

E(X) = 0.2E(X,g,) + 0.5E(X ygyma) + 0-3E(X )
= 0.2(0.90>80 + 0.10 x$10000) + 0.5(0.99 %60 + 0.01$10000)

+0.3(0.999 60 + 0.001 x$10000)
= (0.18+0.495 + 0.2997) $0 + (0.02 +0.005 + 0.0003) %$10000

= 0.0253>$10000 = $253.00
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